In this note, we study L 0 -convexly compact sets in random locally convex modules. We show that an L 0 -convexly compact set must be closed and almost surely bounded, and prove that an L 0 -convexly compact set is also convexly compact.
Introduction
For the recent several years, Guo, et.al. have been developing random convex analysis to meet the need of analysis of conditional risk measures and the related variational and optimization problems [9, 10, 11, 12] . The so-called random convex analysis is convex analysis on a Hausdorff topological module over the topological algebra L 0 (F , K), where K is the scalar field of real or complex numbers and L 0 (F , K) the algebra of equivalence classes of K-valued measurable functions defined on a probability space (Ω, F , P ), endowed with the topology of convergence in probability. The most important kinds of
Hausdorff topological module over the topological algebra L 0 (F , K) are random normed modules and random locally convex modules, which had been studied mainly by Guo since the early 1990s (see [4] for a brief history of the development of random normed modules and random locally convex modules).
Since L 0 -convex (L 0 is short for L 0 (F , R)) subsets rather than usual convex subsets have played crucial roles in random convex analysis, in [7] , Guo, et.al. introduce the notion of L 0 -convex compactness for an L 0 -convex subset of a Hausdorff topological module over the topological algebra L 0 (F , K). An L 0 -convex subset is said to be L 0 -convexly compact (or, is said to have L 0 -convex compactness), which is a generalization of that ofŽitković's convex compactness [13] , if any family of nonempty closed L 0 -convex subsets of it with the finite intersection property has a nonempty intersection.
As shown in [7, 8] , L 0 -convex compactness is a proper substitution of classical weakly compactness.
As applications, Guo, et. al In this note, we study L 0 -convexly compact sets in random locally convex modules. We prove that an L 0 -convexly compact set must be closed and almost surely bounded, and show that an L 0 -convexly compact set is also convexly compact.
The Basic Definitions and Properties
Throughout this paper, (Ω, F , P ) always denotes a given probability space, K the scalar field R of real numbers or C of complex numbers, L 0 (F , K) the algebra of equivalence classes of K-valued Fmeasurable random variables defined on (Ω, F , P ), in particular we simply write L 0 for L 0 (F , R). Besides,L 0 stands for the set of equivalence classes of extended real valued random variables on (Ω, F , P ).
Here, equivalence is understood as usual, namely two random variables are equivalent if they equals P -almost surely. As usual, we denote byĨ A the equivalence class of I A for any A ∈ F , here, I A denotes the characteristic function of A, namely I A (ω) = 1 for ω ∈ A and 0 otherwise. The partial order ≤ on Proposition 1 (see [2] .) (L 0 , ≤) is a complete lattice, for any nonempty subset H ofL 0 , H and H denote the supremum and infimum of H, respectively, and the following statements hold:
(1).There exists two sequences {a n , n ∈ N } and {b n , n ∈ N } in H such that n≥1 a n = H and
.If H is directed upwards (downwards), namely there exists h 3 ∈ H for any h 1 and h 2 ∈ H such that h 3 ≥ h 1 h 2 (resp., h 3 ≤ h 1 h 2 ), then {a n , n ∈ N } (resp., {b n , n ∈ N }) can be chosen as nondecreasing (resp., nonincreasing).
(3).As a sublattice ofL 0 , L 0 is conditionally complete, namely any nonempty subset with an upper (resp., a lower) bound has a supremum (resp., an infimum).
We recall the notion of a random locally convex module.
Definition 1 (see [4] .) An ordered pair (E, P) is called a random locally convex module over K with
and P a family of mappings from E to L 0 + such that the following three axioms are satisfied: (i)∨{ x : · ∈ P} = 0 iff x = θ (the null element of E);
(ii) ξx = |ξ| x for any ξ ∈ L 0 (F , K) and any x ∈ E;
(iii) x + y ≤ x + y for all x and y ∈ E;
Furthermore, a mapping · :
normed module over K with base (Ω, F , P ), and is a special case of a random locally convex module
The simplest example of random normed module is (L 0 (F , K), | · |), where | · | is the absolute value mapping.
In this note, any given random locally convex module is always endowed with the (ε, λ)-topology.
is exactly the topology of convergence in probability. To introduce the (ε, λ)-topology for a general random locally convex module, let (E, P) be a random locally convex module with base (Ω, F , P ), for any finite nonempty subfamily
ε > 0 and 0 < λ < 1. Then we have the following:
Proposition 2 (see [4] .) Let (E, P) be a random locally convex module over K with base (Ω, F , P ).
Then {U θ (Q, ε, λ) | Q is a finite nonempty subfamily of P, ε > 0, 0 < λ < 1} forms a local base at θ of some Hausdorff linear topology for E, called the (ε, λ)-topology, denoted by T ε,λ . Furthermore, E is a topological module over the topological algebra L 0 (F , K) when E and L 0 (F , K) are endowed with their
for all x and y ∈ G and ξ ∈ L 0 + such that 0 ≤ ξ ≤ 1.
Definition 2 (see [7] .) Let (E, T ) be a topological module over the topological algebra
and
if any family of closed L 0 -convex subsets of G has a nonempty intersection whenever this family has the finite intersection property.
3 L 0 -convexly compactness and almost surely boundedness
According to Guo, et. al [7] , a nonempty set G in a random locally convex module (E, P) is said to be almost surely bounded if for each · ∈ P, there is some ξ ∈ L 0 + such that g ≤ ξ, ∀g ∈ G. Lemma 2.19 in [7] states that an L 0 -convex subset of a random locally convex module whose closure is L 0 -convexly compact must be almost surely bounded. Since it is not clear whether the closure of an L 0 -convexly compact set is still L 0 -convexly compact or not, a natural question arises: is an L 0 -convexly compact set in a random locally convex module necessarily almost surely bounded? In this section, we answer this question affirmatively.
Theorem 1 Let (E, P) be a random locally convex module over K with base (Ω, F , P ) and G is an
Considering the definition of almost surely boundedness in random locally convex module, Theorem 1 will be obvious if we combine Proposition 3 and Proposition 4 below.
In the sequel, for a subset G of an
of G, namely, the smallest L 0 -convex subset containing G. For a subset G of a given topological space, G always stands for the closure of G.
must be almost surely bounded and closed.
Proof. Let M = ∨G, m = ∧G, we will show that both M and m belong to G, and only give the proof of M ∈ G, since the other is similar. Since the L 0 -convexity of G implies that G is directed upwards, according to Proposition 1, there exists a nondecreasing sequence {ξ n , n ∈ N } in G such
is a closed L 0 -convex subset of G, and obviously the family {F n : n ∈ N } has the finite intersection property. Since {ξ n , n ∈ N } is nondecreasing, each member in conv L 0 {ξ k , k ≥ n} must be greater than ξ n , implying each member in conv L 0 {ξ k , k ≥ n} must be greater than ξ n . By the L 0 -convexly compactness of G, there exists an ξ ∈ L 0 such that ξ is in every F n , which implies that ξ ∈ G and ξ ≥ ξ n for every n, thus ξ ≥ ∨{ξ n : n ∈ N } = M , yielding ξ = M . Now we have obtained that M ∈ G and m ∈ G, then by the L 0 -convexity of G, G must be the
Proposition 4 Let (E, P) be a random locally convex module over K with base (Ω, F , P ) and G a
Given any two elements x, y in G, to show that
we can check that f is continuous and L 0 -convex, and
just the element we are looking for.
If G is L 0 -convexly compact, we need to show that
Assume {F a : a ∈ A} is a family of closed L 0 -convex subset of { g : g ∈ G} with the finite intersection property, we need to show {F a : a ∈ A} = ∅. For each a ∈ A, let G a = {g ∈ G : g ∈ F a }.
{F a : a ∈ A} has the the finite intersection property implies that {G a : a ∈ A} has the finite intersection
Therefore, from the L 0 -convexly compactness of G we obtain {G a : a ∈ A} = ∅, which in turn implies that {F a : a ∈ A} = ∅.
L 0 -convexly compactness and closedness
Our main result in this section is Theorem 2 which states that an L 0 -convex L 0 -convexly compact set in a random locally convex module must be closed.
Theorem 2 is parallel to Lemma 1 of [1] which states that a convexly compact set in a locally convex space must be closed. Since there does not exist any local base which consists of L 0 -convex and closed neighborhoods in the case of the (ε, λ)-topology for random locally convex modules, we can not give a proof of Theorem 2 by directly following the proof of Lemma 1 of [1] . This forces us to use the locally L 0 -convex topology for random locally convex modules. The locally L 0 -convex topology was introduced by Filipović, et.al [3] in 2009. Since this note involves this topology only once, to save space, we do not introduce this topology.
The bridge connects the (ε, λ)-topology and the locally L 0 -convex topology is the countable concatenation property. Let us recall the notion of the countable concatenation property, which was first introduced by Guo in [4] : let E be an L 0 (F , K)-module and G a subset of E. G is said to have the countable concatenation property if there is g ∈ G for any sequence {g n : n ∈ N } in G and for any countable partition {A n : n ∈ N } of Ω to F such thatĨ An g =Ĩ An g n for all n ∈ N .
We first show that an L 0 -convex L 0 -convexly compact set in a random locally convex module must have the countable concatenation property.
Proposition 5 Let (E, P) be a random locally convex module over K with base (Ω, F , P ) and G a nonempty L 0 -convex subset of E. If G is L 0 -convexly compact, then G must have the countable concatenation property.
Proof. We can, without loss of generality, assume the null element θ of E is in G, otherwise, we make a translation. Let {x n : n ∈ N } be an arbitrary sequence in G and {A n : n ∈ N } an arbitrary countable partition of Ω to F . We need to show that there exists an x ∈ G such that:Ĩ An x =Ĩ An x n , ∀n ∈ N . For each n, let y n =Ĩ A1 x 1 +Ĩ A2 x 2 +· · ·+Ĩ An x n , then by the L 0 -convexity of G and the assumption θ ∈ G, we have y n ∈ G for every n. Further, for each n, let
sequence of closed L 0 -convex subset of G with the finite intersection property. Note by the construction,
convexly compactness of G, there exists some x ∈ E such that x is in every G n . Thus x ∈ G and
Now we state and prove the main result in this section.
Theorem 2 Let (E, P) be a random locally convex module over K with base (Ω, F , P ) and G a
Proof. Suppose that G is not closed and let x 0 ∈ G \ G. Since G is L 0 -convexly compact, by Proposition 5, G has the countable concatenation property, then according to Theorem 3.12 in [4] , G = G c , where G c is the closure of G under the locally L 0 -convex topology. Let F in(P) denote the family of all finite and nonempty subsets of P, for any Q ∈ F in(P) and any
in turn implies that the family {F Q,ξ : Q ∈ F in(P), ξ ∈ L 0 ++ } has the finite intersection property. Now each U θ (Q, ξ) is L 0 -convex and closed under the (ε, λ)-topology, it follows that each F Q,ξ is an L 0 -convex and closed subset of G, then by the assumption that G is L 0 -convexly compact, we obtain
++ } = {x 0 } ∩ G is nonempty, which is a contradiction.
L 0 -convexly compactness and convexly compactness
In this section, we show that every L 0 -convex L 0 -convexly compact subset of a complete random locally convex module must be convexly compact. This answers the question posed in Remark 2.6 in [8] . The key idea of our proof is to embed a random locally convex module into the product space of a family of random normed modules.
Proposition 6
Let (E, P) be a random locally convex module over K with base (Ω, F , P ), then there exists a family of random normed modules {(E q , · q ), q ∈ Q} together with an L 0 (F , K)-module
T is the product topology of
Proof. Let Q be the family of continuous L 0 −seminorms on E. For each q ∈ Q, let N q = {x ∈ E :
Let E q = E/N q be the quotient L 0 (F , K)-module and π q denote the canonical quotient mapping from E to E q . Define π q (x) q = q(x), ∀x ∈ E, then it is easy to verify that (E q , · q ) is a random normed
, ∀x ∈ E, q ∈ Q, where h(x) q stands for the q-th coordinate of h(x). It is easy to verify that h is an L 0 (F , K)-module homomorphism and a topological homeomorphism from (E, T ε,λ ) to (h(E), T ).
Remark 1 In Proposition 6, if (E, P) is complete with respect to T ε,λ , then h(E) must be closed in
. Also, each member (E q , · q ) of the family of random normed modules can be assumed to be complete with respect to T ε,λ , otherwise we can replace it by its completion.
To prove Theorem 3 below, we need the help of abstract L p space generated from a random normed module. Assume (E, · ) is a random normed module over K with base (Ω, F , P ), let
is an ordinary normed space, where
, and if (E, · ) is complete with respect to the (ε, λ)-topology, then
Theorem 3 Let (E, P) be a complete random locally convex module over K with base (Ω, F , P ) and G
Proof. According to Proposition 6, there exists a family of complete random normed modules {(E q , · q ), q ∈ Q} such that we can take (E, T ε,λ ) as a closed sub L 0 (F , K)-module in the product space q∈Q (E q , T ε,λ ). For each q ∈ Q, let π q : r∈Q E r → E q be the canonical projection mapping. If an L 0 -convex subset G of E is L 0 -convexly compact in (E, T ε,λ ), then for each q ∈ Q, it is easily verified that π q (G) is an L 0 -convexly compact subset of (E q , T ε,λ ), which in turn implies that ξ q := ∨{ π q (x) q : x ∈ G} + 1 ∈ L 0 ++ by Theorem 1. Let G q = πq(G) ξq , then G q ⊂ L 2 (E q ), and on G q , the (ε, λ)-topology which inherited from (E q , T ε,λ ) and the · 2 -topology which inherited from (L 2 (E q ), · 2 ) coincide by the for every x ∈ G and each q ∈ Q, then (G, T ε,λ ) is topological homeomorphism to (f (G), T ε,λ ) which is a convex closed subset of ( q∈Q G q , T ε,λ ), implying that G is convexly compact.
